Abstract We study relations between (H, β)-KMS states on Cuntz-Krieger algebras and the dual of the Perron-Frobenius operator L * −βH . Generalising the well-studied purely hyperbolic situation, we obtain under mild conditions that for an expansive dynamical system there is a one-one correspondence between (H, β)-KMS states and eigenmeasures of L * −βH for the eigenvalue 1. We then apply these general results to study multifractal decompositions of limit sets of essentially free Kleinian groups G which may have parabolic elements. We show that for the Cuntz-Krieger algebra arising from G there exists an analytic family of KMS states induced by the Lyapunov spectrum of the analogue of the Bowen-Series map associated with G. Furthermore, we obtain a formula for the Hausdorff dimensions of the restrictions of these KMS states to the set of continuous functions on the limit set of G. If G has no parabolic elements, then this formula can be interpreted as the singularity spectrum of the measure of maximal entropy associated with G.
Introduction
In mathematics and physics there is a long tradition of studying (H, β)-KMS (Kubo-Martin-Schwinger) states on various types of C * -algebras of observables. Originally, these notions stem from quantum statistical mechanics, where H refers to a given self-adjoint potential function (the energy) which fixes the system quantum mechanically, and β admits the interpretation as the inverse of the temperature of the system. The general philosophy here is that macroscopic thermodynamical properties are reflected within equilibrium states depending on β, whereas microscopic quantum mechanical behaviour of the system is described by the C * -algebra in combination with some time evolution, that is a gauge action given by a one-parameter family α t H t∈R of * -automorphisms depending on H. The first goal of this paper is to give a thorough review of the correspondence between fixed points of the dual of the Perron-Frobenius operator L * −βH and (H, β)-KMS states on a Cuntz-Krieger algebra O A associated with an incidence matrix A. Under mild conditions on O A , we collect various facts which mainly review the relation between the (H, β)-KMS states and the gauge action α t H . The novelty here is that we are able to include the case in which the underlying dynamical system is expansive, and hence our approach generalises the well-studied purely hyperbolic (expanding) situation to systems with parabolic elements. More precisely, recall that in [20] and [25] it was shown that if A is irreducible and H > 0 then there is a one-one correspondence between the set of (H, β)-KMS states and the set of eigenmeasures of L * −βH associated with the eigenvalue 1. We add to this by showing that even for H ≥ 0 we still have that there exists a bijection from the set of eigenmeasures to the set of (H, β)-KMS states which are trivial on {H = 0} (see Fact 8, Fact 9).
We end Sect. 2 by considering Markov fibred systems (Ω, m, θ , α) with an associated incidence matrix A. We obtain that if A is irreducible and the Radon-Nikodym derivative of the measure m is continuous on the support of m, then the associated Cuntz-Krieger C * -algebra O A admits a representation in terms of the RadonNikodym derivative of m (see Proposition 2).
In Sect. 3 we give a finer thermodynamical analysis of KMS states associated with the Cuntz-Krieger algebra O A arising from an essentially free Kleinian group G. More precisely, the final goal of this paper is to apply the above general results to complete oriented (n + 1)-dimensional hyperbolic manifolds whose finitely generated non-elementary fundamental group G is essentially free, that is G is allowed to have parabolic elements and G has no relations other than those arising from these parabolic elements. The limit set L(G) of G is the smallest closed G-invariant subset of the boundary S n of (n + 1)-imensional hyperbolic space D n+1 . This set represents an intricate fractal set hosting the complicated dynamical action of G on S n . The combinatoric of this action gives rise to some incidence matrix A, which then allows to represent the topological dynamics of the action by a subshift of finite type (Σ A , θ). 
